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Abstract: Pairwise sequence alignment is an
important technique for finding the optimal arrangement between two sequences. A basic
dynamic-programming strategy for sequence
alignment needs O(mn) time and also O(mn)
space. Hirschberg’s divide-and-conquer method
reduces the required space to roughly 2m (m ≤
n), but it also doubles the computing time. On
the other hand, the FastLSA approach adds extra
rows and columns to generalize Hirschberg’s
algorithm, reducing the number of recomputations at the cost of more memory space. In this
paper, we shall present an efficient linear space
algorithm, called the NFLSA algorithm, to reduce the ratio of recalculation greater than
FastLSA while using the same memory. The
NFLSA algorithm is superior to Hirschberg’s
algorithm and the FastLSA algorithm in our
simulations.
Keywords: sequence alignment, DNA, dynamic
programming, Hirschberg’s algorithm, linear
space.

1. Introduction
The nucleic acid or protein sequences alignment is one of the most important research topics
to explore in computational biology today. Each
DNA or protein sequence is represented by a
series of alphabetic characters. For example, by
letters A, T, C and G, genetic biologists refer to
the four nucleic acids that the DNA is composed
of. Similarly, the Greek alphabet Σ is used to
denote any finite set of letters, and any string s
of letters from Σ is called a sequence over Σ,
while |s| denotes the length of s. Assume that we
have two sequences s and t to align. In most
cases, the lengths of s and t are different. For
better comparability, we use gaps (denoted by
dashes “–“) inserted into s or t such that the two
resulting sequences s* and t* have the same
length. Writing down the sequences s* and t*
one above the other, similarities and differences
are easy to obtain, where s*, t* ∈ Σ ∪ {-} and
|s*| ≤ |s| + |t|.
An alignment exhibits where the two sequences are similar to each other and where they
differ. An optimal alignment maximizes the total
match value or minimizes the total cost of mismatches and then inserts or deletes gaps. A

simple similarity scoring function assigns +2 for
a match, –1 for a mismatch, and –2 for each gap
(called gap penalty). For example, consider the
two strings s=CGTGTA and t=CAGGA. To obtain the maximum number of matching positions,
gaps can be inserted in appropriate places as
follows.
C– GTGTA
CAG– G–A
The aligned sequences match in four positions
when three gaps are inserted and have the score
+2 (4 matches and 3 gaps). The gap penalty is
also accomplished by charging g + ek for a gap
of length k. The gap-opening penalty g is fixed
for every gap, regardless of gap lengths, and e is
the gap-extension penalty for every sequence
entry in the gap [10]. Such penalties are called
affine gap penalties. This paper uses the simplification of affine gap costs where g = 0.
Using naive dynamic programming to obtain
the optimal two-sequence alignment requires the
array size of O(mn), where m and n are two
lengths of two sequences, and the time complexity is quadratic. Unfortunately, a DNA sequence
can be so long that the memory space of O(mn)
is obviously prohibitive. For example, two
20,000-character-long
sequences
require
400million storage entries. Hirschberg [11] proposed the divide-and-conquer approach that
performs alignment in linear space to reduce the
demand on memory space, only to double the
computation time. On the other hand, Charter et
al. [6] presented the so-called FastLSA algorithm to generalize Hirschberg’s algorithm. The
FastLSA algorithm allows the consumption of
more memory to reduce the recomputation
numbers by including extra rows and columns.
In this paper, we shall propose a new fast linear space sequence alignment algorithm called
NFLSA. The NFLSA algorithm, like the
FastLSA algorithm, repeatedly subdivides each
sequence into two blocks, but it differs from the
FastLSA algorithm because the two blocks cannot equal to each other. By storing the middle
row and column recursively, the NFLSA approach can reduce the recomputation complexity.
Our experimental results show that the NFLSA
is superior to Hirschberg’s algorithm and also
outperform the FastLSA approach with the same
storage memory, especially when the two sequences have similar lengths.

The reminder of this paper is organized as
follows. In Section 2, we shall present two previous linear space sequence alignments,
Hirschberg’s algorithm and FastLSA. Then, in
Section 3, we shall propose our new fast linear
space sequence alignment, called NFLSA. The
experimental results and performance evaluation
of the proposed algorithm will be presented in
Section 4. Finally, we shall give our conclusions
in Section 5.

2. Related Works
Needleman and Wunsch [16] proposed a dynamic programming method to solve the
alignment problem. Smith and Waterman [20]
presented a modification of alignment algorithm
to find a highest scoring alignment of arbitrary
regions in the two sequences. This method consists of two parts. It requires a matrix, also called
the full-matrix algorithm. The first part, the FillScore phase, is responsible for filling up the full
matrix from the top-left corner to the bottom-right corner by using a simple scoring
function. A simple similarity function
pseudo-code for matrix computation will be
shown later. Figure 1 shows all the scores in the
full matrix and the backtracking paths for
s=CGTGTA and t=CAGGA. The scores get
propagated from left to right horizontally, top to
down vertically and top-left to bottom-right diagonally. After that, the second part of the
algorithm, namely the TrackPath phase, is responsible for backtracking from the bottom-right
corner to the top-left corner to find the optimal
paths. A diagonal path means a match, a horizontal path needs the insertion of a gap in the
left-hand side sequence, and a vertical path
needs the insertion of a gap in the top sequence.
The following strings are all optimal alignments
in Figure 1. They all have the maximum score
+2.
C– GTGTA CGTGTA CGTGTA CGTGTA
CAG– G–A CAGG–A CA–GGA C– AGGA
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FIG. 1. Alignment matrix and optimal paths for
s=CGTGTA and t=CAGGA

A basic two-sequence dynamic algorithm
pseudo-code for computing the matrix is stated
as following:
Similarity(s, t)
1. m := |s|
2. n := |t|
3. for ( i := 0; i <= m; i++)
4.
a[i, 0] := i*Gap_Penalty
5. for ( j := 1; j <= n; j++)
6.
a[0, j] := j*Gap_Penalty
7. for ( i := 1; i <= m; i++)
8.
for ( j := 1; j <= n; j++)
9.
a[i, j] := max( a[i-1, j] + Gap_Penalty,
a[i-1, j-1] + Score(s[i], t[j]),
a[i, j-1] + Gap_Penalty )
10. return a[m, n]
The full-matrix method requires O(mn) in
both time and space. Unsatisfied with the time
and space the full-matrix method calls for, researchers came to the ideas of faster algorithms.
Therefore, some greedy techniques have been
proposed [9, 22, 23]. Usually, the space limitation is a priority over the time constraint,
especially for long sequences or multiple sequences alignment. If we generalize the
full-matrix algorithm into multiple sequences
alignment, the time and space complexities will
both become O(nd), where n is the sequence
length and d is the number of sequences. In this
case, even the main memory is not enough for a
few sequences of short lengths. So far, several
papers have presented strategies that reduce
space consumption [3, 5-7, 11-13, 15]. For multiple sequences alignment, most researchers
consider finding heuristic methods [1, 14, 19, 21]
or approximation algorithms [2, 17, 18].
To reduce the space requirement,
Hirschberg [11] proposed the first linear-space
algorithm for sequence alignment. First, he uses
two rows to compute the score of the alignment
with ease, since the score can be derived from
the current and the previous row at any time,
stopping at the middle row (row r). Afterwards,
he reverses the procedure and starts with the end
row, again stopping at the middle row (row r +
1). Therefore, the optimal score can be found by
picking out the maximum sum between the two
middle rows and locating the point Oa on the
optimal path as shown in Figure 2. Then, the
problem is divided into two sub-problems half
the size of the original problem. The algorithm
recursively divides the two sub-problems into
four sub-sub-problems and obtains the two
points (Ob and Oc as shown in Figure 2) on the
optimal path. Similarly, the total size of all the
sub-sub-problems is a fourth of the original size.
Hirschberg’s algorithm is round 2mn cell computations, and the space complexity is 2m (m ≤
2

n). Figure 2 shows the problem split into two
sub-problems and further split into four
sub-sub-problems. The curve indicates the final
optimal alignment path.

Ob
Oa

middle row
Oc

values than Hirschberg’s algorithm. In Figure
3(b), the shadow area and the dash line rectangle
area require recursive recalculation in the
TrackPath phase. The algorithm can divide each
dimension of the matrix into k (k ≥ 2) equal
sub-problems, not restricted to bisection. The
FastLSA requires as much space as k(m+n) and
mn/k recomputations for the alignment of two
sequences m and n in length, respectively. The
algorithm is superior to Hirschberg’s algorithm.
To save the memory requirement and reduce the number of recalculation, in this paper,
we focus on the recalculation ratio against full
matrix by using linear space such as the FastLSA
algorithm.
A

FIG. 2. Hirschberg’s algorithm splits the problem into sub-problems
Hirschberg’s algorithm works well for affine
gap penalties [15]. Many researches have been
built on the basis of Hirschberg’s algorithm. For
example, Eppstein et al. [8] combined a sparse
dynamic
programming
algorithm
with
Hirschberg’s algorithm, and Myers and Miller
[15] also made use of it to develop a linear-space
version of full-matrix algorithm.
Chao et al. [5] also divided a problem into
several sub-problems, but they did not follow
Hirschberg’s equal-height sub-problem method.
Chao and Miller [3] proposed a method that
constructs some best nonintersecting alignment
from fragments in linear space. Besides, Chao et
al. [4] also provided an overview of linear-space
sequence alignment algorithms.
Korf and Zhang [13] introduced a new reduced-spaces sequence alignment algorithm
called divide-and-conquer frontier A* (DCFA*).
This algorithm eliminates portions of the full
matrix that cannot be the optimal alignment.
However, the DCFA* method is slower than
Hirschberg’s algorithm. Later, Davidson [7] developed his ideas from Hirschberg’s algorithm
and DCFA* to accelerate the performance.
In 2000, Charter et al. [6] introduced the
FastLSA algorithm. The FastLSA algorithm
works by bisecting both rows and columns and
saving the middle row and column. By doing so,
the alignment can be done with fewer values
recalculated. In Figure 3(a), 3/4 of the matrix
(areas A, B and C) is computed, and the middle
row and column stored. If the sub-problem size
is smaller than the threshold TH, then the full
matrix can directly be used to solve it. The last
quarter of the matrix (dash line rectangle D) is
solved recursively. To backtrack the optimal
path, the FastLSA approach uses the stored rows
and columns only and thus recalculates fewer
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O
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D

(a)

(b)
FIG. 3. The FastLSA algorithm (a) column and
row bisectioned recursively (b) areas of recalculation

3. The New Fast Linear Space
Sequence Alignment Algorithm
In this paper, we propose a new fast linear
space sequence alignment algorithm called
NFLSA. Similar to the FastLSA algorithm, the
NFLSA approach also stores the middle row and
column to help reduce recomputation. For k=2,
the NFLSA algorithm performs the same as the
FastLSA algorithm. For k≥3, the FastLSA
method divides each dimension into k equal
3

parts and stores k-1 rows and k-1 columns recursively until the sub-problem size is smaller than
the threshold TH. Figure 4 shows the FastLSA
algorithm for k=3. Computing 8/9 of the matrix
keeps the two rows and two columns at the
boundary. The remaining 1/9 is recursively
processed by the algorithm.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

case left:
rowL := path.row
NFLSA(colF, colM, rowM, rowL)
if (direction == up)
colL := path.column
NFLSA(colS, colL, rowF, rowM)
case up:
colL := path.column
NFLSA(colM, colL, rowF, rowM)
if (direction == left)
rowL := path.row
NFLSA(colF, colM, rowF, rowL)
A

B

C

D

FIG. 4. The FastLSA algorithm divides each
dimension into k equal parts and stores k-1 rows
and k-1 columns recursively for k=3
(a)

In contrast, the NFLSA approach divides each
dimension to be only one kth and the other two
parts and then stores the boundary row and column. Figure 5(a) presents the row and column
dividing each dimension into one third and two
thirds, computing 5/9 of the matrix (rectangles A,
B and C) and keeping the boundary row and
column. The remaining 4/9 of the problem (dash
line rectangle D) is solved recursively until the
threshold TH is reached. Figure 5(b) illustrates
the shadow area that requires recalculation in the
TrackPath phase. In fact, the two algorithms are
the same for k=2.
The pseudo-code of the NFLSA algorithm is
shown below.
NFLSA(colF, colL, rowF, rowL)
// colF: Index of the first column,
// colL: Index of the last column,
// rowF: Index of the first row,
// rowL: Index of the last row,
1. if ((colL- colF + 1)*(rowL - rowF + 1) < TH)
2.
FullMatrix(colF, colL, rowF, rowL)
3. else
4.
colM := colF + (colL - colF)/k
5.
rowM := rowF + (rowL - rowF)/k
6.
FillScore(colF, colM, colL, rowF, rowM,
rowL)
7.
NFLSA(colM, colL, rowM, rowL)
8.
switch (direction)
// The direction of TrackPath phase
9.
case diagonal:
10.
NFLSA(colF, colM, rowF, rowM)

(b)
FIG. 5. NFLSA algorithm (a) divided by
boundary column and row recursively in position
one third (b) recomputed area
For the same k value, the memory requirement
of NFLSA is equal to that of the FastLSA algorithm. The space requirements for aligning two
sequences of length n by using a recursive function are as follows:
1. The FastLSA algorithm
f(n) = 2(k-1)n + f(

1
n) = 2kn .
k

(1)

2. The NFLSA algorithm
f(n) = 2n + f(

k −1
n) = 2kn .
k

(2)

The two different recurrence equations have
the same solution.
To analyze the performance, let’s consider the
4

two sequences s and t. The number of calculations of Hirschberg’s algorithm is two times, that
of the FastLSA algorithm is 1 + 1/k times, and
that of the NFLSA algorithm is 1 + 1/2(k-1).
Figure 6(a) and Figure 6(b) show the recalculated areas for k=3 by the FastLSA and NFLSA
algorithms, respectively. The slash areas require
recalculation in the equal case (s = t). In the
worst scenario, the A, B, C, D and E areas require recalculation recursively by the FastLSA
algorithm as shown in Figure 6(a). In contrast,
Figure 6(b) presents the F, G, H and I areas to be
recomputed by the NFLSA algorithm.

computation time NFLSAw is ( k − 1 +1)mn. The
k
variable m and n are the lengths of the sequences
s and t, respectively. In the equal case that the
two sequences are the same, FastLSAs=t and
NFLSAs=t present the computation time of algorithm FastLSA and NFLSA, respectively.
If k>2, the FastLSA and NFLSA methods’
calculation time are as follows:
1
FastLSAw = (k −2+ 1 )mn*
+mn
k2 k +1
k −2 1
1−( 2 +
)
k
k +1
2
=( 2k − k − 2 +1)mn

k3 − k2 + k + 2

A

B

1 mn*
1
+mn
k +1
1 − 1 /(k + 1)
(4)
= ( 1 +1)mn
k
1
+mn
NFLSAw = k − 1 mn*
2k − 1
1 − ( k − 1) /( 2 k − 1)
= ( k − 1 +1)mn
(5)
k
1 mn*
1
+mn
NFLSAs=t =
2k − 1
1 − 1 /(2k − 1)

FastLSAs=t=

C

D
E

=(

(a)

F

G
H
I

(b)
FIG. 6. Recomputation area (a) the recomputation area of the FastLSA algorithm for k=3 (b)
the recomputation area of the NFLSA algorithm
for k=3
Performance Analysis
In this paper, the performance is evaluated in
terms of the number of calculating entries. We
shall use the equal case and worst scenario to
analyze the computation time.
In worst scenario, the computation time of
FastLSA is (

(3)

2k 2 − k − 2 +1)mn notated as
k − k2 + k + 2
3

FastLSAw in Equation (3). For NFLSA, the the

1
+1)mn
2( k − 1)

(6)

If k=3, In Equation (3), the term (k −2+ 1 )mn
k2 k +1
is the number of entries in the gray area of Figure 6(a). In Equation (4), the term 1 mn is
k +1
the number of entries in the slash area of Figure
1 mn, in
6(a). These term k − 1 mn and
2k − 1
2k − 1
Equation (5) and (6), are for the numbers of entries in the gray area and slash area in Figure
6(b), respectively.
For FastLSAs=t example, let k=3, slash area in
Figure 6(a) is 1/4 mn. All of the recalculated area
is 1/3 mn. Therefore, the time complexity of
FastLSAs=t is (1/3 +1)mn.
Figure 7 shows the analysis results of relative
computation time and how the three methods
compare. In the equal case scenario, the performance of the NFLSA algorithm is better than
those of the others. The FastLSA algorithm performs best in the worst scenario, and the
experimental results show that its performance in
the worst scenario is very close to that in the
equal case scenario [6]. In real-life situations, the
optimal path in the1 TrackPath stage is round
diagonal, and the performance is quite close to
that in the equal case. Therefore, the NFLSA
approach is very practical. If long trailing gaps
exist, the performance of the NFLSA algorithm
is likely to drop. To avoid these bad cases, we
can limit the sequence length difference.
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FIG. 7. Analysis on computation time

TABLE 1. Datasets
Dataset
1
2
3

Number of
sequences
1224
320
112

Max
length
1000
4964
15000

Min
length
200
1000
5004

600
500
400
300
200
100
0

250

350

450

550

650

750

850

950 1050

Length of sequences

Number of sequences

(a)
120
100
80
60
40
20
0
1250 1750 2250 2750 3250 3750 4250 4750

Length of sequences

(b)
40
Number of sequences

We have evaluated the performances of
NFLSA, Hirschberg’s algorithm, and FastLSA,
respectively. These algorithms have been applied
to process three datasets of sequences, all of
which are extracted from Genbank’s Musculus
DNA. The characteristics of the datasets used are
given in Table 1. Differences in sequence length
do not occur more than five times in the same
dataset. Figure 8 (a), (b) and (c) show the distribution of sequence lengths in dataset 1, 2 and 3,
respectively. All the sequences were aligned
with each other in the same dataset. All the experiments were performed on a 1.5GHz Pentium
IV PC with 384 MB of memory, running under
Windows 2000 professional. The algorithms
were coded in Visual C++ 6.0.
Figure 9, Figure 11 and Figure 12 compare the
algorithms by the average recomputation ratios.
The average recomputation ratio is calculated as
the total number of recomputation operations
divided by the total size of all the full matrices.
The x-coordinate is the k value, and the
y-coordinate is the average recomputation ratio.
The full-matrix approach is not shown in these
figures, since the y-coordinate value is zero.
Hirschberg’s algorithm requires a recomputation
ratio less than the theoretical value 100% in our
experiments.

Number of sequences

4. Experimental Results

30
20
10
0
5750

7250

8750

10250 11750 13250 14750

Length of sequences

(c)
FIG. 8. Distribution of sequence lengths (a)
Dataset 1 (b) Dataset 2 (c) Dataset 3

Ratio of recomputation

For dataset 1, FastLSA and NFLSA are compared for k=2 to 10 in Figure 9. The NFLSA
algorithm is better. For k=4, the NFLSA approach outperforms FastLSA by 6.87%. Figure
10 shows the distribution of recalculation ratios
of dataset 1 for k=3. The x-coordinate is the recomputation ratio of alignment, and the
y-coordinate is the number of alignment tasks.
For the alignment tasks, most of the recomputation ratios by the FastLSA algorithm lie
somewhere between 0.29 and 0.34, and the figure for the NFLSA algorithm are almost all in
the range from 0.19 to 0.29. Even though the
NFLSA algorithm has the largest value 0.40, the
average recomputation ratio is lower than that of
the FastLSA algorithm by about 8%. In contrast
to the total alignment number 748476
(1224*1223/2), the influence of the only one
largest value is of little significance.
For dataset 2 and database 3, the performances
of FastLSA and NFLSA for k=2 to 10 are shown
in Figure 11 and Figure 12 individually. The
NFLSA algorithm still performs better. In Figure
12, for k=10, the NFLSA algorithm only requires
a recalculation ratio of 5.69%. In contrast, the
FastLSA approach requires 9.84%. The result is
close to the analyses of the equal case in Figure
7.

5. Conclusions
In recent years, computational molecular biology has become one of the most popular
interdisciplinary fields. Sequence alignment is an
important technique widely used in computational molecular biology. To reduce the memory
space requirement and running time, many sequence alignment techniques have been
developed and closely studied.
In this paper, we have proposed the NFLSA
algorithm, which uses the same memory as
FastLSA and reduces the recomputation ratio
greater than FastLSA. The experimental results
have shown that the NFLSA algorithm can obviously perform better. Most adverse alignments
can be avoided in NFLSA by limiting the difference of sequence length within a certain ratio
(e.g. 5:1).
Even though we have tried to avoid most unfavorable alignments for our NFLSA algorithm,
a small number still exist. In the future, we shall
focus our attention on finding an efficient testing
method to determine in advance which sequence
alignments will be better processed by NFLSA
and which sequence alignments will be better
processed by FastLSA so that we can always use
the more suitable algorithm to solve different
sequence alignment problem.
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FIG. 9. Average recomputation ratio of Dataset 1
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FIG. 10. The number of alignment tasks of Dataset 1 for k=3
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FIG. 11. Average recomputation ratio of Dataset 2
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FIG. 12. Average recomputation ratio of Dataset 3
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